2-adic properties of the number of solutions $x^m=1$ in the alternating group $A_n$ (Research on finite groups and their representations, vertex operator algebras, and algebraic combinatorics) by 竹ヶ原, 裕元
Title
2-adic properties of the number of solutions $x^m=1$ in the
alternating group $A_n$ (Research on finite groups and their
representations, vertex operator algebras, and algebraic
combinatorics)
Author(s)竹ヶ原, 裕元




Type Departmental Bulletin Paper
Textversionpublisher
Kyoto University





$n$ ?????????? $(1^{r_{1}},2^{r_{2}}, \ldots , n^{r_{n}})$ ??? $n$ ????????
$n!$
$1^{r_{1}}r_{1}!2^{r_{2}}r_{2}!\cdots n^{r_{n}}r_{n}!$
??? $($ cf. $[$10, Lemma 1.2.15$],$ $[$16, Chap. $4$ \S 2 ??????
$\sum\frac{n!}{1^{r_{1}}r_{1}!2^{r_{2}}r_{2}!\cdots n^{r_{n}}r_{n}!}=|S_{n}|(=n!)$
??????????? $n$ ?????? $(1^{r_{1}},2^{r2}, \ldots , n^{r_{n}})$ ??????????
$1+x+x^{2}+\cdots=(1-x)^{-1}=\exp(-\log(1-x))$
$= \exp(x+\frac{x^{2}}{2}+\frac{x^{3}}{3}+\cdots) , |x|<1$
???????? $m$ ???????$S_{n}$ ??????? $x^{m}=1$ ?????? $a_{n}(m)$
????????
$a_{n}(m)=\#\{\sigma\in S_{n}|\sigma^{m}=1\}$
????$a_{n}(m)$ ???? $m$ ?????? $n$ ????????????? $a_{0}(m)=1$
???$\{P_{0}, \ell_{1}, . . . , \ell_{s}\}$ ? $m$ ??????????????? $m$ ?????? $n$ ??
?????????
$\sum_{n=0}^{\infty}\frac{a_{n}(m)}{n!}X^{n}=\exp(\sum_{k=0}^{s}\frac{1}{\ell_{k}}X^{\ell_{k}})$ (I)
????? (cf. [2]). ????????????????
$a_{n}(m)= \sum_{k=0}^{s}\frac{(n-1)!}{(n-\ell_{k})!}a_{n-l_{k}}(m)$
????????? $a_{-n}(m)=0,$ $n\in \mathbb{N}$ , ????????? $p$ ????
$a_{n}(p)=a_{n-1}(p)+(n-1)(n-2)\cdots(n-p+1)a_{n-p}(p)$
??????????
? 1926? 2014? 1-12 1
????$p$ ??????$0$ ????? $a$ ?????$a$ ???????? $p$ ?????
$ord_{p}(a)$ ?????? $x$ ?????? $x$ ???????????????????
??????
$ord_{p}(a_{n}(p))\geq[\frac{n}{p}]-[\frac{n}{p^{2}}]$
????? (cf. [3,5,6,8,9 $p=2$ ???????? $Chowla-Herstein-$Moore [ $1]$
???????????????
$ord_{2}(a_{n}(2))=\{\begin{array}{ll}[\frac{n}{2}]-[\frac{n}{4}]+1, n\equiv 3 (mod 4) ????{[}\frac{n}{2}]-[\frac{n}{4}] ???????\end{array}$ (II)
?????? (cf. [5, 15 ?? D. Kim-J. S. Kim [12] ?????????????
???????????
$A_{n}$ ??????? $x^{m}=1$ ?????? $t_{n}(m)$ ????????
$t_{n}(m)=\#\{\sigma\in A_{n}|\sigma^{m}=1\}$
????$t_{n}(m)$ ???? $m$ ?????? $n$ ???????????$\sigma^{m}=\epsilon$ ????





????? (cf. [16, Chap. 4, Problem 22 ?? $m=2$ ???
$\sum_{n=0}^{\infty}\frac{t_{n}(2)}{n!}X^{n}=\frac{1}{2}\{\exp(X+\frac{1}{2}X^{2})+\exp(X-\frac{1}{2}X^{2})\}$
????????????? $ord_{2}(t_{n}(2))$ ?????????D. Kim-J. S. Kim [12]
??????????????????? $y$ ?????
$ord_{2}(t_{4y}(2))=y+\chi_{0}(y) , ord_{2}(t_{4y+2}(2))=ord_{2}(t_{4y+3}(2))=y,$
??? $\chi_{0}(y)=1,$ $y$ ???????$\chi_{0}(y)=0,$ $y$ ??????????????????
$ord_{2}(t_{4y+1}(2))=y+\chi_{0}(y)\cdot(ord_{2}(y+\alpha)+1)$




$\mathbb{Z}_{p}$ ???????????????????? [4] ????
?? 2.1 $\exp(\sum_{i=0}^{\infty}a_{i}X^{p^{i}})=\sum_{n=0}^{\infty}c_{n}X^{n},$ $a_{i}\in \mathbb{Q}_{p}$ ???????? $c_{n}\in \mathbb{Z}_{p},$ $n=$
$1$ , 2, . . . , ?????????????
$a_{i}- \frac{a_{i-1}}{p}\in \mathbb{Z}_{p},$ $i=0$ , 1, 2, . . . , $(a_{-1}=0)$
???????????
???$u$ ?????????? (I) ???
$\sum_{n=0}^{\infty}\frac{a_{n}(p^{u})}{n!}x^{n}=\exp(\sum_{k=0}^{u}\frac{1}{p^{k}}X^{p^{k}})$ (IV)
????$a_{n}^{0}(p^{u})=a_{n}(p^{u})$ ?????? $\{a_{n}^{1}(p^{u})\}_{n=0}^{\infty}$ ?
$\sum_{n=0}^{\infty}\frac{a_{n}^{1}(p^{u})}{n!}X^{n}=\exp(-\sum_{k=0}^{u}\frac{1}{p^{k}}X^{p^{k}})$ (V)
???????$p=2$ ????? (III) ???
$t_{n}(2^{u})= \frac{1}{2}(a_{n}^{0}(2^{u})+(-1)^{n}a_{n}^{1}(2^{u}))$ (VI)
?????? $\natural$ ? $0$ ??? 1?????? $\{c_{n,p}^{\natural}\}_{n=0}^{\infty}$ ?
$\sum_{n=0}^{\infty}c_{n,p}^{\natural}X^{n}=\exp((-1)^{\natural}\sum_{k=0}^{\infty}\frac{1}{p^{k}}X^{p^{k}})\in 1+X\mathbb{Z}_{p}[[X]]$
????????? 2.1???$c_{n,p}^{\natural}\in \mathbb{Z}_{p}\cap \mathbb{Q}(n=1,2, \ldots)$ ???? $\natural=0$ ?????
??????????????????? (cf. [4], [13, Chap. IV\S 2], [17, \S 48 ?
???? $c_{n}^{\natural}=c_{n,p}^{\natural}$ ????
?? $2.20\leqq r\leqq 17$ ????? $r$ ????? $c_{r,2}^{\natural}$ ?????????? (???
Mathematica ???).
3
???$r$ ? $0\leqq r<p^{u+1}$ ??????????? (IV) ??? (V) ??
$\sum_{n=0}^{\infty}\frac{a_{n}^{\natural}(p^{u})}{n!}X^{n}=(\sum_{n=0}^{\infty}c_{n}^{\natural}X^{n})\exp(-(-1)^{\natural}\sum_{i=0}^{\infty}\frac{1}{p^{u+i+1}}X^{p^{u+i+1}})$
???????????? $X^{p^{u+1}y+r},$ $y=0$ , 1, 2, . . . , ???????? $X^{r}$ ?????
$\sum_{y=0}^{\infty}\frac{a_{p^{u+1}y+r}^{\natural}(p^{u})}{(p^{u+1}y+r)!}X^{p^{u+1}y}=(\sum_{j=0}^{\infty}c_{p^{u+1}j+r}^{\natural}X^{p^{u+1}j})$
$\cross\exp(-(-1)^{\natural}\sum_{i=0}^{\infty}\frac{1}{p^{u+i+1}}X^{p^{u+i+1}})$










?? 2.3 [14] $H_{r}^{\natural}(p^{u})= \exp(X)\sum_{n=0}^{\infty}d_{n,r}^{\natural}X^{n}$
4
3 $p$-????????
???????? $\mathbb{Z}_{p}[[X]]$ ???? $\mathbb{Z}_{p}\langle X\rangle$ ?
$\mathbb{Z}_{p}\langle X\rangle=\{\sum_{n=0}^{\infty}a_{n}X^{n}\in \mathbb{Z}_{p}[[X]] \lim_{narrow\infty}|a_{n}|_{p}=0\}$
????$g(X)= \sum_{n=0}^{\ell}g_{n}X^{n}\in \mathbb{Z}_{p}[X]$ ?????$f(X)=g(X)+p^{k_{1}}X^{k_{2}}h(X)$ , $h(X)\in$
$\mathbb{Z}_{p}\langle X\rangle,$ $k_{1},$ $k_{2}$ ?????????????????????? $g(X)+p^{k_{1}}X^{k_{2}}\mathbb{Z}_{p}\langle X\rangle$
????$c_{p^{u+1}j+r}^{\natural}\in \mathbb{Z}_{p},$ $j=0$ , 1, 2, . . . , ???
$\sum_{j=0}^{\infty}c_{p^{u+1}j+r}^{\natural}(-(-1)^{\natural}p^{u+1})^{j}X^{j}\in \mathbb{Z}_{p}\langle X\rangle$
?????? 3???????
?? 3.1 ([7, Problems 164 and 165], [13, $P\cdot 7$ , Exercise 14], [17, Lemma
25.5]) $n=n_{0}+n_{1}p+n_{2}p^{2}+\cdots\in \mathbb{N},$ $n_{i}\in\{0, 1, . . . , p-1\}$ , ?????
$ord_{p}(n!)=\sum_{j=1}^{\infty}[\frac{n}{p^{j}}]=\frac{n-n_{0}-n_{1}-n_{2}-}{p-1}\leqq\frac{n-1}{p-1}$
????
?? 3.2 ([14]) $k$ ????????$a$ ? $ord_{p}(a)=k$ ?????????$p\geqq 3$ ??
? $k\geqq 2$ ????????
$\exp(aX)\in 1+aX+\frac{a^{2}}{2}X^{2}+\frac{a^{3}}{6}X^{3}+p^{2k+1}X^{4}\mathbb{Z}_{p}\langle X\rangle$
??????
?? 3.3 ([14]) $m_{0}+m_{1}X+\cdots+m_{\ell}X^{\ell}\in \mathbb{Z}_{p}[X],$ $k$ ?????? $\sum_{n=1}^{\infty}w_{n}X^{n}\in$
$p^{k}X\mathbb{Z}_{p}\langle X\rangle,$ $\sum_{n=1}^{\infty}d_{n}X^{n}=m_{0}+m_{1}X+\cdots+m_{\ell}X^{\ell}+\sum_{n=1}^{\infty}w_{n}X^{n}$ ????????
$g(X) \in\sum_{i=0}^{\ell}m_{i}i!(\begin{array}{l}Xi\end{array})+p^{k}X\mathbb{Z}_{p}\langle X\rangle,$
$\sum_{n=0}^{\infty}\frac{9(n)}{n!}X^{n}=\exp(X)\sum_{n=0}^{\infty}d_{n}X^{n}$
???? $g(X)\in \mathbb{Z}_{p}\langle X\rangle$ ?????????
$(\begin{array}{l}Xi\end{array})=\frac{X(X-1)\cdots(X-i+1)}{i!},$ $i=1$ , 2, . . . , $(\begin{array}{l}X0\end{array})=1$
????
5
4 ??????? $x^{p^{u}}=1$ ??????????????
?? 3.2?????????????
?? 4.1 ([14]) $\sum_{n=0}^{\infty}e_{n}X^{n}\in 1+p^{3u+1}X\mathbb{Z}_{p}\langle X\rangle$
?? 2.3, 3.2, 3.3, 4.1?????????????
?? 4.2 ([14]) $P\geqq 3$ ????????
$g_{r}(y)= \frac{a_{p^{u+1}y+r}(p^{u})}{(p^{u+1}y+r)!}(-p^{u+1})^{y}y!,$ $y=0$ , 1, 2, . . . ,
$g_{r}(X)\in c_{r}^{0}-c_{p^{u+1}+r}^{0}p^{u+1}X+p^{2u+1}X\mathbb{Z}_{p}\langleX\rangle$
???? $g_{r}(X)\in \mathbb{Z}_{p}\langle X\rangle$ ??????
$p=2$ ????????????? 2.3, 3.2, 3.3, 4.1?????????????
?? 4.3 ([14]) $p=2,$ $u\geqq 2$ ????????
$g_{r}^{\natural}(y)= \frac{a_{2^{u+1}y+r}^{\natural}(2^{u})}{(2^{u+1}y+r)!}(-(-1)^{\natural}2^{u+1})^{y}y!,$ $y=0$ , 1, 2, . . . ,
$g_{r}^{\natural}(X)\in c_{r}^{\natural}(1-(-1)^{\natural}2^{u}X(X-1)+2^{2u-1}X(X-1)(X-2)(X-3))$
$-(-1)^{\natural}c_{2^{u+1}+r}^{\natural}2^{u+1}X+2^{2u+1}X\mathbb{Z}_{2}\langleX\rangle$
???? $9_{r}^{\natural}(X)\in \mathbb{Z}_{2}\langle X\rangle$ ??????
?? 2.3, 3.1, 3.2, 4.1??? 4.3?????????????
?? 4.4 ([14]) $p=2,$ $u=1$ ????????
$g_{r}^{\natural}(y)= \frac{a_{4y+r}^{\natural}(2)}{(4y+r)!}((-1)^{\natural}4)^{y}y!,$ $y=0$ , 1, 2, . . . ,
$g_{r}^{\natural}(X)\in c_{r}^{\natural}(1-2X+4\overline{\delta}_{\natural 1}X(X-1)-4X(X-1)(X-2)(X-3))$
$+(-1)^{\natural}4c_{4+r}^{\#}X+8X\mathbb{Z}_{2}\langle X\rangle$
???? $g_{r}^{\natural}(X)\in \mathbb{Z}_{2}\langle X\rangle$ ??????
6





?????? 4.2, 4.3, 4.4????????????
? 4.5 ([11,14]) $y$ ?????????????
$ord_{p}(a_{p^{u+1}}y+r(p^{u}))\geqq\sum_{j=1}^{u}[\frac{p^{u+1}y+r}{p^{j}}]-uy$




? 4.6 $a_{0}(2)=a_{1}(2)=1,$ $a_{2}(2)=2,$ $a_{3}(2)=4$ ???(?) ??????
?? 2.2, ?? 4.3, ? 4.5?????????????






5 ??????? $x^{2^{u}}=1$ ????????? 2-????
?????????????????????????? (cf. [7, Theorem 6.2.6]).
?? 5.1??????? $f(X)= \sum f_{n}X^{n}\in \mathbb{Z}_{p}[[X]]$ ? $\lim_{narrow\infty}|f_{n}|_{p}=0$ ????










???? $y$ ???? $\chi_{0}(y)=(1+(-1)^{y+1})/2$ ????
?? 5.2 ([14]) $p=2,$ $u=1$ ???????????????? $y$ ???????
????
(a) $ord_{2}(t_{4y}(2))=y+\chi_{0}(y)$ , $ord_{2}(t_{4y+2}(2))=ord_{2}(t_{4y+3}(2))=y.$
(b) $ord_{2}(t_{4y+1}(2))=y+\chi_{0}(y)$ . $(ord_{2}(y+\alpha)+1)$ ???? $\alpha\in \mathbb{Z}_{2}$ ??????
???????? 4.4????????$y$ ?????????(VI) ??
$t_{4y+r}(2)= \frac{(4y+r)!}{4^{y}\cdot y!}\cdot\frac{g_{r}^{0}(y)+(-1)^{r+y}g_{r}^{1}(y)}{2}$
????$L_{r,y}(X)=(g_{r}^{0}(X)+(-1)^{r+y}g_{r}^{1}(X))/2$ ??????????? 2.2???$y$ ?
?????
$L_{0,y}(y)\equiv L_{1,y}(y)\equiv 1 (mod 4)$ ,
$L_{2,y}(y) \equiv\frac{1}{2}$ (mod2), $L_{3,y}(y) \equiv\frac{1}{6}$ (mod4),
8
$y$ ??????
$L_{0,y}(y)\equiv-2y^{2}$ (mod4), $L_{1,y}(y) \equiv\frac{38}{15}y-2y^{2}$ (mod4),
$L_{2,y}(y) \equiv\frac{1}{2}-y$ (mod2), $L_{3,y}(y) \equiv\frac{1}{2}-y$ (mod4)
????????$ord_{2}((4y+r)!/4^{y}\cdot y!)=y+ord_{2}(r!)$ ???(a) ????$y$ ?????
??????
$L_{1,y}(X)=-2X(X-1)+ \frac{8}{15}X+4XM_{1,y}(X)=\frac{38}{15}X-2X^{2}+4XM_{1,y}(X)$




????? (1)$-(4)$ $($??? $f(X)=L_{1,y}(X),$ $N=2,$ $p=2)$ ?????$\lambda=2^{-1}k_{2}$ ?





?? 5.3?? 5.2(a) ? [12] ???????? 5.2(b) ? [12] ??????[14] ???
???Mathematica ?????? $\alpha\equiv 1+2+2^{3}+2^{8}+2^{10}+2^{12}(mod 2^{14})$ ?????
9
??? $p=2,$ $u\geqq 2$ ???????????
?? 5. $4$ $([14])p=2,$ $u\geqq 2$ ????$r=0$ ??? $r=1$ ??????????? $y$
????
$ord_{2}(t_{2^{u+1}y+r}(2^{u}))=(2^{u+1}-u-2)y+\chi_{0}(y)\cdot(ord_{2}(y+\alpha_{r})+u)$
??? $\alpha_{r}\in \mathbb{Z}_{2}$ ??????????$ord_{2}(c_{2^{u+1}+r}^{0}+(-1)^{r}c_{2^{u+1}+r}^{1})=0$ , ???
$ord_{2}(t_{2^{u+1}y+r}(2^{u}))=(2^{u+1}-u-2)y+\chi_{0}(y)\cdot u$
??????
? 5.5 $p=2,$ $u=2$ ????Mathematica ????????????
$\alpha_{0}\equiv 1+2+2^{2}+2^{3}+2^{4}+2^{5}+2^{7}+2^{9}+2^{10}+2^{12}+2^{13}+2^{14}+2^{15}$ $(mod 2^{17})$
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